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The world around us is uncertain ...

... and full of surprising constraints
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Optimization in the dark

Problem: Solve a constrained convex optimization problem

min
x∈Ω∗

f (x)

when we know

(1) neither the objective function f
(2) nor the constraint set Ω∗

I Clearly an impossible task in the one-shot setting when both f and
Ω∗ can be selected adversarially.

Question: What can we say about the online setting?



2/38

Optimization in the dark

Problem: Solve a constrained convex optimization problem

min
x∈Ω∗

f (x)

when we know

(1) neither the objective function f
(2) nor the constraint set Ω∗

I Clearly an impossible task in the one-shot setting when both f and
Ω∗ can be selected adversarially.

Question: What can we say about the online setting?



2/38

Optimization in the dark

Problem: Solve a constrained convex optimization problem

min
x∈Ω∗

f (x)

when we know

(1) neither the objective function f
(2) nor the constraint set Ω∗

I Clearly an impossible task in the one-shot setting when both f and
Ω∗ can be selected adversarially.

Question: What can we say about the online setting?



3/38

Online Optimization in the dark

I Let {ft : Ω→ R}Tt=1 be a sequence of convex functions and Ω be a
convex action set

I Consider the following protocol:

1. On every round t ∈ [T ], a policy selects a feasible action xt ∈ Ω

2. The adversary reveals the cost function ft : Ω→ R and a constraint
function gt : Ω→ R

3. Ω∗ ⊆ ∩t≥1{x : gt(x) ≤ 0}, Ω∗ 6= ∅

Informal Goal: Choose action sequence {xt}t≥1 which (1)
minimizes the cumulative cost

∑T
t=1 ft(xt) and (2) satisfies the

constraints as tightly as possible, i.e., gt(xt) - 0,∀t.
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Example: The Hidden Set Problem

<latexit sha1_base64="619/n2tObfdbSN1XdK0N+ITkmPw=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBDiJexKUI9BLx4jmAdklzA76U2GzD6cmRXDkt/w4kERr/6MN//GSbIHTSxoKKq66e7yE8GVtu1va2V1bX1js7BV3N7Z3dsvHRy2VJxKhk0Wi1h2fKpQ8AibmmuBnUQiDX2BbX90M/XbjygVj6N7PU7QC+kg4gFnVBvJHfScytOZK/CB2L1S2a7aM5Bl4uSkDDkavdKX249ZGmKkmaBKdR070V5GpeZM4KTopgoTykZ0gF1DIxqi8rLZzRNyapQ+CWJpKtJkpv6eyGio1Dj0TWdI9VAtelPxP6+b6uDKy3iUpBojNl8UpILomEwDIH0ukWkxNoQyyc2thA2ppEybmIomBGfx5WXSOq86F9XaXa1cv87jKMAxnEAFHLiEOtxCA5rAIIFneIU3K7VerHfrY966YuUzR/AH1ucPcqmQqQ==</latexit>

g1(x)  0

<latexit sha1_base64="yf4jbT67F3+YGasu/AtNV3FcHq8=">AAAB83icbVDLTgJBEOzFF+IL9ehlIjHBC9klRD0SvXjERB4JuyGzQy9MmH04M2skhN/w4kFjvPoz3vwbB9iDgpV0UqnqTneXnwiutG1/W7m19Y3Nrfx2YWd3b/+geHjUUnEqGTZZLGLZ8alCwSNsaq4FdhKJNPQFtv3RzcxvP6JUPI7u9ThBL6SDiAecUW0kd9Crlp/OXYEPxO4VS3bFnoOsEicjJcjQ6BW/3H7M0hAjzQRVquvYifYmVGrOBE4LbqowoWxEB9g1NKIhKm8yv3lKzozSJ0EsTUWazNXfExMaKjUOfdMZUj1Uy95M/M/rpjq48iY8SlKNEVssClJBdExmAZA+l8i0GBtCmeTmVsKGVFKmTUwFE4Kz/PIqaVUrzkWldlcr1a+zOPJwAqdQBgcuoQ630IAmMEjgGV7hzUqtF+vd+li05qxs5hj+wPr8AXQ2kKo=</latexit>

g2(x)  0
<latexit sha1_base64="s/dbnKPfAsrjNKBZFoCu3XCe77c=">AAAB83icbVDLTgJBEOzFF+IL9ehlIjHBC9lVoh6JXjxiIo+EJWR26IUJsw9nZo1kw2948aAxXv0Zb/6NA+xBwUo6qVR1p7vLiwVX2ra/rdzK6tr6Rn6zsLW9s7tX3D9oqiiRDBssEpFse1Sh4CE2NNcC27FEGngCW97oZuq3HlEqHoX3ehxjN6CDkPucUW0kd9A7Lz+dugIfiN0rluyKPQNZJk5GSpCh3it+uf2IJQGGmgmqVMexY91NqdScCZwU3ERhTNmIDrBjaEgDVN10dvOEnBilT/xImgo1mam/J1IaKDUOPNMZUD1Ui95U/M/rJNq/6qY8jBONIZsv8hNBdESmAZA+l8i0GBtCmeTmVsKGVFKmTUwFE4Kz+PIyaZ5VnItK9a5aql1nceThCI6hDA5cQg1uoQ4NYBDDM7zCm5VYL9a79TFvzVnZzCH8gfX5A3XDkKs=</latexit>

g3(x)  0

<latexit sha1_base64="MW8hrJAgFL8OnIEy2q7X4HirfQc=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegF29GMA9IljA76U3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWaQoMqrnQ7IgY4k9CwzHJoJxqIiDi0otHN1G89gTZMyQc7TiAUZCBZzCixTmp27wQMSK9c8av+DHiZBDmpoBz1Xvmr21c0FSAt5cSYTuAnNsyItoxymJS6qYGE0BEZQMdRSQSYMJtdO8EnTunjWGlX0uKZ+nsiI8KYsYhcpyB2aBa9qfif10ltfBVmTCapBUnni+KUY6vw9HXcZxqo5WNHCNXM3YrpkGhCrQuo5EIIFl9eJs2zanBRPb8/r9Su8ziK6Agdo1MUoEtUQ7eojhqIokf0jF7Rm6e8F+/d+5i3Frx85hD9gff5A2IfjwQ=</latexit>

⌦

<latexit sha1_base64="RdRWD7m9trrvbJIPww90/z+kdJc=">AAAB73icbVDJSgNBEK1xjXGLevQyGATxEGbE7Rj04s0IZoFkDD2dmqRJd8/Y3SOEIT/hxYMiXv0db/6NneWgiQ8KHu9VUVUvTDjTxvO+nYXFpeWV1dxafn1jc2u7sLNb03GqKFZpzGPVCIlGziRWDTMcG4lCIkKO9bB/PfLrT6g0i+W9GSQYCNKVLGKUGCs1WrcCu+ThuF0oeiVvDHee+FNShCkq7cJXqxPTVKA0lBOtm76XmCAjyjDKcZhvpRoTQvuki01LJRGog2x879A9tErHjWJlSxp3rP6eyIjQeiBC2ymI6elZbyT+5zVTE10GGZNJalDSyaIo5a6J3dHzbocppIYPLCFUMXurS3tEEWpsRHkbgj/78jypnZT889LZ3WmxfDWNIwf7cABH4MMFlOEGKlAFChye4RXenEfnxXl3PiatC850Zg/+wPn8AX9mj6E=</latexit>

⌦⇤

Figure: Optimization over a hidden constraint set Ω∗. On every round t,
the adversary reveals a convex cost function ft (not shown) and a
supporting hyperplane to Ω∗. The objective is to do as well as the
optimal point in Ω∗ in terms of the cumulative cost.
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Content

I Online Constraint Satisfaction

I Generalized OCO

I Bandits with Constraints
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Recap: Online Convex Optimization (OCO)

Consider a repeated game. On round t:

1. An online policy chooses a feasible action xt ∈ Ω

2. The adversary chooses a convex cost function ft : Ω→ R

3. The policy incurs the cost ft(xt) and the function ft (or, just the
gradient ∇ft(xt)) is revealed to the policy

The objective of the policy is to minimize the Regret

RegretT = sup
x∗∈Ω

( T∑
t=1

ft(xt)︸ ︷︷ ︸
cost of the policy

−
T∑
t=1

ft(x
∗)︸ ︷︷ ︸

cost of the fixed benchmark

)
.

- There is no constraint functions
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Algorithms for OCO

I Many online algorithms guarantee sublinear regret in various
settings.

I Examples include Follow-the-regularized-leader (FTRL) and Online
Mirror descent (OMD)

I In this talk we will particularly focus on simple Online Gradient
Descent (OGD) class of policies with adaptive step sizes
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Adaptive Regret Bounds for OGD

1. (Convex Costs [Duchi et al., 2011]) Setting
ηt ← D√

2
∑t−1
τ=1 G

2
τ

, t ≥ 1, OGD (a.k.a. AdaGrad) achieves

RegretT ≤ D

√√√√2
T∑
t=1

G 2
t , (1)

where Diam(Ω) = D.

2. (Strongly-convex Costs [Hazan et al. 2007]) Setting
ηt ← 1∑t−1

s=1 Hs
, t ≥ 1, OGD achieves

RegretT ≤
1

2

T∑
t=1

G 2
t∑t

s=1 Hs
, (2)

where Ht is the strong convexity parameter of the function ft .
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Our Result

A universal blackbox reduction

Constrained online problem =⇒ Standard OCO problem.

1. Our reduction is policy agnostic - works with any off-the-shelf
adaptive OCO policy

I The details of the algorithm is irrelevant - it could be taken to be
FTRL, FTPL, OMD as convenient

2. Yields the optimal regret and cumulative violation bounds

3. Connection with Queueing theory - network control policy with
adversarial arrival and departure process
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Part I: Online Constraint Satisfaction (OCS)

I We begin with the simpler constraints-only case with no cost
function (i.e., ft = 0, ∀t.)

I On round t, after the policy selects its action xt ∈ Ω, the adversary
reveals a vector of k convex and Lipschitz functions

(gt,1(x), gt,2(x), . . . , gt,k(x)).

I The goal is to keep the cumulative constraint violation over any
interval for each component small, i.e.,

VT ≡ max
I⊆[T ]

k
max
j=1

∑
t∈I

gt,j(xt) = o(T ).

I An online version of the multi-objective control problem
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Application: Online Multi-task Learning

Figure: A schematic of online multi-task learning problem.

I The j th task on round t is completed if gt,j(xt) ≤ 0, j ∈ [k].



12/38

Building intuition - Take 1, Duality

I To build up intuition, consider the following time-invariant case
where ft = f , and gt = g , ∀t ≥ 1. It is equivalent to the following
offline problem:

min
x∈Ω

f (x), s.t. g(x) ≤ 0.

I Assuming strong duality, the above problem is equivalent to solving
the following saddle point problem

min
x∈Ω

max
λ≥0

L(x , λ),

where L(x , λ) = f (x) + λg(x) is the associated Lagrangian.

I The saddle point problem is equivalent to computing a Nash
Equilibrium of a two player zero-sum game with payoff function
L(x , λ).
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Building intuition - Take 1, Duality

I Now, a Nash Equilibrium for a two-player zero-sum game can be
computed iteratively by running a regret minimizer for each player.

I [Daskalakis et al. 2021] showed that adaptivity helps - yields a
faster poly(logT ) convergence in multi-player zero sum games!

Consider the following algorithm:

(1) The x-player runs an adaptive OGD with the cost function

L(x , λt) = f (x) + λtg(x).

(2) The λ-player runs an OGD with a constant (unit) step-size

λt =
(
λt−1 + g(xt−1))+.
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Building intuition - Take 1, Duality

Next, consider a natural extension of the above algorithm for
time-varying cost and constraint functions:

(1) The x-player runs an adaptive OGD with the cost function

Lt(x , λt) = ft(x) + λtgt(x).

(2) The λ-player runs an OGD with a constant (unit) step-size

λt =
(
λt−1 + gt(xt))+.

- λt depends on xt .

We will show that the above algorithm indeed achieves optimal
regret and violation bounds.
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Building intuition, Take 2 - Stability

The following analogy would be helpful to visualize the algorithm

I Keep track of the violations through queueing recursions

Qi (t) =
(
Qi (t − 1) + gt,i (xt)︸ ︷︷ ︸

violation for round t

)+
, Qi (0) = 0, ∀i

λi (t) µi (t)

λi (t)− µi (t) = gt,i (xt)

I Intuitively, stabilizing the queues implies that the long-term target
rates are satisfied
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Stabilization via Drift Minimization

Define the quadratic Lyapunov function Φ(t) =
∑

i Q
2
i (t). Its drift

is upper bounded as

Φ(t)− Φ(t − 1) ≤ 2
k∑

i=1

Qi (t)gt,i (xt).

Define the surrogate cost function as

f̂t(x) ≡ 2
k∑

i=1

Qi (t)gt,i (x).

Note that the coefficients ~Q(t) depend on the past and current
actions. We now propose

OCS Policy: Run any adaptive OCO policy Π on the surrogate

cost functions {f̂t}t≥1.
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Analysis
The challenge is to account for the closed-loop interaction between

I The action xt (which depends on the queue lengths via f̂t) and

I The queue-lengths Q(t) (which depends on the action)

through the policy Π

<latexit sha1_base64="o9UNsoOAgncWYzMvqd8qSmfUt0I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJFIYdN0vp7C0vLK6VlwvbWxube+Ud/eaJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR9dRvPXBtRKzucZxwP6IDJULBKFrp7rGHvXLFrbozkL/Ey0kFctR75c9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZAjq/RJGGtbCslM/TmR0ciYcRTYzoji0Cx6U/E/r5NieOlnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy//Jc2TqndePbs9rdSu8jiKcACHcAweXEANbqAODWAwgCd4gVdHOs/Om/M+by04+cw+/ILz8Q10fI3t</latexit>xt

<latexit sha1_base64="NPtGLGK4hdsjt2n2KGLASfdJMYs=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoMQL2FXfB2DXjwmYB6wWcLs7CQZMjuzzPQKYclnePGgiFe/xpt/4yTZgyYWNBRV3XR3hYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxLDBJesBRwE6yaakTgUrBOO72d+54lpw5V8hEnCgpgMJR9wSsBKfi9UIsqa0yqc98sVt+bOgVeJl5MKytHol796kaJpzCRQQYzxPTeBICMaOBVsWuqlhiWEjsmQ+ZZKEjMTZPOTp/jMKhEeKG1LAp6rvycyEhsziUPbGRMYmWVvJv7n+SkMboOMyyQFJuli0SAVGBSe/Y8jrhkFMbGEUM3trZiOiCYUbEolG4K3/PIqaV/UvOvaVfOyUr/L4yiiE3SKqshDN6iOHlADtRBFCj2jV/TmgPPivDsfi9aCk88coz9wPn8A26SQ/Q==</latexit>

Q(t)

<latexit sha1_base64="nd1Q847Kf6OejyGZ4fww4fGZINw="></latexit>

⇧ f̂t(x) ⌘ hQ(t),gt(x)i

<latexit sha1_base64="1dsnh+nIt3L1FY1h+GY/E/Ynico=">AAACCnicbZC7SgNBFIZnvcZ4i1rajAZhQzTsirdGCNpYJmAukMRldjJJhsxemDkrhiW1ja9iY6GIrU9g59s4SbbQxB8GPv5zDmfO74aCK7Csb2NufmFxaTm1kl5dW9/YzGxtV1UQScoqNBCBrLtEMcF9VgEOgtVDyYjnClZz+9ejeu2eScUD/xYGIWt5pOvzDqcEtOVk9soONyF3ic0xHNm5fNeJ4ZAPzQcHcrm7vJPJWgVrLDwLdgJZlKjkZL6a7YBGHvOBCqJUw7ZCaMVEAqeCDdPNSLGQ0D7psoZGn3hMteLxKUN8oJ027gRSPx/w2P09ERNPqYHn6k6PQE9N10bmf7VGBJ2LVsz9MALm08miTiQwBHiUC25zySiIgQZCJdd/xbRHJKGg00vrEOzpk2ehelywzwqn5ZNs8SqJI4V20T4ykY3OURHdoBKqIIoe0TN6RW/Gk/FivBsfk9Y5I5nZQX9kfP4A4B6X3g==</latexit>

Qi(t) = (Qi(t� 1) + gt,i(xt))
+

<latexit sha1_base64="LPI2ZRsGPxpt9mkzc5084ks4BCM=">AAACHnicbVBNS8NAEN34bf2qevSyWARPJRGrHkUveqtgq9CWstlM2sXNJu5O1BL6S7z4V7x4UETwpP/GTc1Bqw8W3r43w8w8P5HCoOt+OhOTU9Mzs3PzpYXFpeWV8upa08Sp5tDgsYz1pc8MSKGggQIlXCYaWORLuPCvjnP/4ga0EbE6x0ECnYj1lAgFZ2ilbrnWRrhDHWWnCkEznqvUB7wFULT4MhXQ6xRSoBJUD/tm2C1X3Ko7Av1LvIJUSIF6t/zeDmKeRqCQS2ZMy3MT7GRMo+AShqV2aiBh/Ir1oGWpYhGYTjY6b0i3rBLQMNb2KaQj9WdHxiJjBpFvKyNm1xv3cvE/r5VieNDJhEpSBMW/B4WppBjTPCsaCA0c5cASxrWwu1LeZ3lKNtGSDcEbP/kvae5Uvb1q7Wy3cnhUxDFHNsgm2SYe2SeH5ITUSYNwck8eyTN5cR6cJ+fVefsunXCKnnXyC87HF+WJo5Q=</latexit>

Interaction between action and queue lengths
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Regret decomposition

Let x∗ ∈ Ω∗ be any fixed action that satisfies all constraints. Then

Φ(τ)− Φ(τ − 1) ≤ 2
∑
i

Qi (τ)gτ,i (xτ )

gτ,j (x
∗)≤0

≤ 2
∑
i

Qi (τ)gτ,i (xτ )− 2
∑
i

Qi (τ)gτ,i (x
∗)

= f̂τ (xτ )︸ ︷︷ ︸
surrogate cost

−f̂τ (x∗)

Summing up, for any t ≥ 1, we have∑
i

Q2
i (t) ≡ Φ2(t)− Φ2(0) ≤ Regret′t︸ ︷︷ ︸

surrogate regret - depends on {Q(τ)}1≤τ≤t

(3)

- a non-linear recurrence that we need to solve
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Violation bounds I : Convex functions

Direct calculations yield

G 2
t ≡ ||∇f̂t(xt)||2 ≤ kG 2

∑
i

Q2
i (t).

Substituting the above in the adaptive regret bound Eq. (1) for
OGD yields

∑
i

Q2
i (t) ≤ GD

√
2k

√√√√ t∑
τ=1

∑
i

Q2
i (τ), ∀t ≥ 1.

Solving the above non-linear recurrence (a Math puzzle!), we have

VT ≤ max
i

Qi (T ) = O(
√
T ).

�
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Violation bounds II : Strongly Convex functions

In this case, the strong-convexity parameter for the tth surrogate
function is Ht = αQ(t). Hence, the adaptive regret bound (2) for
OGD yields

∑
i

Q2
i (t) ≤ kG 2

4α

t∑
τ=1

∑k
i=1 Q

2
i (τ)∑τ

s=1

∑k
i=1 Qi (s)

, t ≥ 1.

Solving this non-linear recurrence inequality (a bit harder puzzle!)

yields the following violation bound

VT ≤ max
i

Qi (T ) = O(logT ).

�
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Generalized benchmark: S-feasibility

I Requiring the existence of a feasible action that satisfies all
constraints on all rounds could be restrictive

I Can relax this assumption by requiring that sum of the constraint
functions over any interval of length S is non-positive

Theorem: For convex constraints, the same adaptive OGD
policy achieves the following violation bound

Vi (T ) = O(max(
√
ST ,S)), ∀i .

- The policy is oblivious to the value of S .
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Part II: The Generalized OCO Problem

I On every round t, a convex cost function ft : Ω→ R and a convex
constraint function gt : Ω→ R is revealed.

I Recall that Ω∗ is the set of feasible actions that satisfies all
constraints. Our objective is to design an online policy that yields

RegretT ≡ sup
x∗∈Ω∗

T∑
t=1

ft(xt)−
T∑
t=1

ft(x
∗) = o(T ),

and VT ≡
T∑
t=1

max(0, gt(xt)) = o(T ).

I Preprocessing: gt ← max(0, gt), ∀t ≥ 1.

- Q(t) simply becomes the cumulative sum of the constraint violations
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The Drift-Plus-Penalty Framework

Originally proposed by [Neely 2010] for stochastic network
optimization and generalizes the Max-Weight policy.

Strategy:

Minimize the drift-plus-penalty, i.e., for some fixed V > 0, we
define the surrogate cost function on round t as:

f̂t(x) ≡ 2Q(t)gt(x)︸ ︷︷ ︸
drift upper bound

+Vft(x)︸ ︷︷ ︸
penalty

.

Generalized OCO Policy: Run any adaptive OCO policy Π on

the surrogate cost functions {f̂t}t≥1.
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Generalized Regret Decomposition

Let x∗ ∈ Ω∗ be any fixed action that satisfies all constraints. We
have

Φ(τ)− Φ(τ − 1) + V (fτ (xτ )− fτ (x∗))

gτ (x∗)≤0

≤ (Vfτ (xτ ) + 2Q(τ)gτ (xτ ))− (Vfτ (x∗) + 2Q(τ)gτ (x∗))

= f̂τ (xτ )− f̂τ (x∗).

Summing up, we have

Q2(t) + V Regrett(x
∗)︸ ︷︷ ︸

regret for costs

≤ Regret′t ,︸ ︷︷ ︸
surrogate - depends on {Q(τ)}1≤τ≤t

∀t ≥ 1 (4)
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Regret and violation bounds - Convex costs
The adaptive regret bound for the OGD applied to the surrogate
costs leads to the following system of recursive inequalities:

Q2(t) + VRegrett(x
∗) ≤ 2GD

√√√√ t∑
τ=1

Q2(τ) + 2GDV
√
t.

Solving this recursion, we have:

Theorem 1 (SV’23)

Setting V =
√
T , for convex cost functions, we have

Regrett = O(
√
t), and V(t) = O(T 3/4).

The latter can be improved to Vt = O(
√
T ) when

Regrett ≥ 0.
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Regret and violation bounds - Strongly Convex costs
Similarly, the adaptive regret bound for strongly convex costs yields

Q2(t) + VRegrett(x
∗) ≤ VG 2

α
ln(t) +

G 2

αV

t∑
τ=1

Q2(τ)

τ
.

Solving this recursion yields the following:

Theorem 2 (SV’23)

Setting V = 2G2 ln(T )
α , for strongly convex costs, we have

Regrett = O(ln t), and V(t) = O(
√

t logT/α).

The latter can be improved to Vt = O(log(T )/α) when
Regrett ≥ 0.

The second part is surprising - logarithmic violation bound even for
non strongly convex constraint functions!
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Part III: Fair Allocation

I A Professor (or a grant agency) receives grants for research
projects sequentially over time and wants to assign them fairly to
his N PhD students (or PIs)

Probabilities for successfully completing the projects

p1 p2 p3 p4 p5

I The skill levels of the students are initially unknown to the
Professor. It can only be learned from their past performances.
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Setup

I The students remain in the school for T years

I To meet the degree requirements, student i must solve on the
average at least λi problems per year

I The minimum requirements are known to be feasible in expectation

I The advisor wants to solve as many problems as possible subject to
each student meeting the minimum requirements

Question: What is an optimal problem assignment strategy for
the Professor?

Applications: Recommendation systems, Online ad allocation,
Crowdsourcing, Wireless scheduling, ...
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The Fair Bandit Problem

I We are given a set of N arms and a target reward rate vector
λ ∈ R+

N

I On round t, an online policy π selects an arm It ∈ [N] to play

I Both the policy and the selected arm It receive an i.i.d. random
reward of value rIt (t) ∈ [0, 1]

I The goal of the policy π is to maximize the rewards while ensuring
that the long-term reward accrual rate of arm i is at least
λi ,∀i ∈ [N].

I The problem is interesting in both Full-information and Bandit
feedback settings
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Recap: Stochastic Multi-Armed Bandits

I There is a set of N arms. A policy pulls one arm at a time.

I The reward ri (t) of the i th arm is sampled i.i.d. from a distribution
in [0, 1] with an unknown mean µi , i ∈ [N].

I The objective is to sequentially pull the arms {It}Tt=1 so as to
obtain a sublinear pseudo-regret:

RegretT ≡ T max
i
µi − E

T∑
t=1

∑
i

ri (t)1(It = i)
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Difference with Stochastic MAB Problem

I The standard MAB problem aims to pull the most rewarding arms
the maximum number of times while ignoring the rest.

I This strategy does not work in the Fair Bandit problem as the
suboptimal arms receive negligible rewards

I Instead of the best arm, the policy needs to learn the the best
distribution of arms

I Note that, when ~λ = 0, the Fair Bandit problem reduces to the
usual stochastic MAB problem.

Main Result: Blackbox reduction to the adversarial MAB
problem with simultaneously O(T 3/4) regret and cumulative
violations.
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Algorithmic ideas for BanditQ (Full-information setup)

I We keep track of the current rate of reward accruals through
queueing recursions

Qi (t) =
(
Qi (t−1)+ λi︸︷︷︸

target rate

− ri (t)xi (t)︸ ︷︷ ︸
expected rate for round t

)+
,Qi (0) = 0, ∀i

λi ri (t)xi (t)

I Intuitively, stabilizing the queues implies that the long-term target
rates are satisfied

I For us, only the rate stability of the queues will suffice, i.e.,
T−1EQi (T )→ 0,∀i .
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Incorporating the Backlogs into Rewards

I To minimize the regret, we add a (scaled) reward of each arm to
the queues and define a overall reward vector

r ′i (t) = (Qi (t − 1) + V )ri (t), ∀i ∈ [N].

V = Θ(
√
T ) depends only on the horizon-length.

I This defines an instance of a MAB problem which we solve using

(Online Gradient Ascent Policy) The BanditQ policy selects
the arms by running the OGA policy with adaptive step sizes:

x(t)← Proj∆N

x(t − 1) +
r ′(t − 1)√

2
∑t−1

τ=1 ||r ′(τ)||22

 .
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Bandit feedback

I With the bandit feedback, only the reward of the selected arm
(i.e., rIt (t)) is revealed.

I This leads to a slightly modified queueing recursion:

Qi (t) = (Qi (t − 1) + λi − ri (t)Xi (t))+ ,

where Xi (t) = 1(It = i).

I The OGA policy is replaced with an adversarial MAB policy [Putta
and Agarwal 2022], which enjoys a second-order regret bound

Regret = Õ


√√√√N

T∑
t=1

||r ′t ||2 + max
t∈[T ]

||r ′t ||∞
√
NT .

 .

I The proof of the regret bound involves a similar self-bounding
inequality as in the full-information case.
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Results

I The second term of the bound, involving a max norm over the
entire time horizon, requires a careful Martingale-based analysis

The following is our main result:

Theorem 3 (BanditQ Regret Bounds)

With V =
√
T , the BanditQ policy with bandit feedback

achieves

Regret(x∗) = Õ(N5/4T 3/4), V(T ) = O(N1/4T 3/4).
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Preliminary Experiments: Full-Information Setup
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Preliminary Experiments: Bandit Information Setup
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Open Problems

I Is it possible to derive instance-dependent logarithmic regret for
BanditQ?

I How to extend the algorithm to the much more challenging
Bandit Convex Optimization (BCO) Setup?

I Can we learn non-separable utility functions while simultaneously
satisfying the long-term constraints?
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